We study a white dwarf model with differential rotation and magnetic field, for which the symmetry axis of the toroidal field, the magnetic axis of the poloidal field, and the principal axis I 3 coincide permanently; the common axis defined this way is called "magnetic symmetry axis". Furthermore, the magnetic symmetry axis inclines at a small angle χ relative to the spin axis of the model; this angle is called "obliquity angle" or "turn-over angle". Such a model is almost axisymmetric and undergoes an early evolutionary phase of secular timescale, characterized by the fact that the moment of inertia along the spin axis, I zz ≃ I 33 , is greater than the moments of inertia along the (almost) equatorial axes, I 11 = I 22 , since rotation and poloidal field (both responsible for the oblateness of the model) dominate over the toroidal field (responsible, in turn, for the prolateness of the model). During this early evolutionary phase, the model suffers from secular angular momentum loss due to weak magnetic dipole radiation activated by the poloidal field. Such an angular momentum loss leads gradually to a situation of dynamical asymmetry with I 11 > I 33 . However, dynamically asymmetric configurations tend to turn over spontaneously, that is, to rotate about axis with moment of inertia greater than I 33 with angular momentum remaining invariant. So, the fate of a dynamically asymmetric configuration is to become an oblique rotator and, eventually, a perpendicular rotator. During the so-called "turn-over phase", the turn over angle, χ, increases spontaneously up to ∼ 90 • on a "turn-over timescale", t TOV , since the rotational kinetic energy of the model decreases from a higher level when χ ≃ 0 • (aligned rotator) to a lower level when χ ≃ 90 • (perpendicular rotator). At this lower level the model reaches the state of least energy consistent with its prescribed angular momentum and magnetic field. The excess rotational kinetic energy due to differential rotation is totally dissipated due to the action of turbulent viscosity in the convective regions of the model. In the present paper, we study numerically the so-called "turn-over scenario" (i.e., an evolutionary scenario, which takes into account the turn-over phase) for white dwarf models of several masses, angular momenta, and magnetic fields.
Introduction
In a recent paper (Geroyannis 2001 , hereafter Paper I, and references therein), the turn-over scenario has been studied numerically for rotating magnetic white dwarfs (see also Geroyannis 2002 ). The turn-over scenario, hereafter TOV scenario, deals with the problem of rotational evolution of a star by taking into account the gradual increase of the turn-over angle, i.e., the angle between the magnetic symmetry axis and the spin axis of the star.
In the TOV scenario, we assume that the differentially rotating white dwarf model is initially almost axisymmetric (i.e., its turn-over angle χ is small: χ ≤ 2 • , say) and undergoes an "early evolutionary phase", during which rotation and poloidal field prevail against the toroidal field, yielding oblate configurations with I 33 > I 11 (where I 33 is the moment of inertia along the magnetic symmetry axis, almost coinciding with the spin axis, and I 11 = I 22 are the moments of inertia along the other two principal axes).
However, due to a weak magnetic dipole radiation activated by the poloidal field, the toroidal field becomes gradually more effective, and eventually leads the model to the so-called "late evolutionary phase", during which the model suffers from "dynamical asymmetry": I 11 > I 33 .
Dynamical asymmetry leads the model to the so-called "turn-over phase", during which the turn-over angle, χ, increases spontaneously up to ∼ 90 • on a turn-over timescale, t TOV . The terminal model rotates about its I 1 axis, coinciding with the invariant angular momentum axis, and occupies the state of least energy consistent with its angular momentum and magnetic field. The excess energy due to differential rotation, defined by the angular velocity component Ω 3 along the spontaneously turning over I 3 axis (permanently coinciding with the magnetic symmetry axis), is dissipated down to zero due to the efficient action of turbulent viscosity in the convective zone of the model. So, the terminal model does not rotate about its magnetic symmetry axis. Furthermore, it seems difficult for the terminal model to sustain differential rotation along its I 1 axis, mainly due to the destructive action of the poloidal field. In particular, there is a competition between the efforts of the magnetic stresses to remove rotational nonuniformities, and those of the rotational velocities to bury and destroy the magnetic flux. If the magnetic field and the electrical conductivity have appropriate values (see especially § 7 of Paper I), then the magnetic field prevails and removes all the nonuniformities of rotation. So, the terminal model rotates rigidly about its I 1 principal axis with angular velocity Ω 1 .
In Paper I, the aim was to compute the so-called "optimal values" for the angular momentum, L xx , the average surface poloidal field, B s , and the time evolution parameter, δ, under which the model starts its turn-over phase (Paper I, § 6) . In the present paper, on the other hand, our aim is slightly different. In particular, we shall study several possible turn-over scenarios, corresponding to several indicative values L xx and B s . We shall describe in detail our computations in the following sections.
The model, the numerical method, and the computations
We shall use hereafter definitions and symbols identical to those in Paper I.
The model and the numerical method used in the study of the TOV scenario have been thoroughly discussed in Paper I. All the technical details of that paper are closely related to each other in a way making difficult to summarize some issues without summarizing the remaining issues of the whole matter. Since our intention is to avoid repeating that paper here, we clearly consider the present paper as continuation of Paper I.
For the computations of the present paper, we assume that the angular momentum, L xx , and the average surface poloidal field, B s , of the starting model are free model parameters (in Paper I, instead, we have computed optimal values for these quantities; see especially § 6 of that paper).
Accordingly, the spin-down time rate due to turn-over, · P TOV , becomes now a dependent model parameter taking several values for several choices of the whole set of the free model parameters.
We study the TOV scenario for three "reference" cases of white dwarfs; namely, (a) M = M REF1 = 0.6 M ⊙ and P = P REF1 = 142 s, (b) M = M REF2 = 0.9 M ⊙ and P = P REF2 = 33 s, (c) M = M REF3 = 1.32 M ⊙ and P = P REF3 = 8 s. For all these cases, we assume a "reference" period time rate, | · P REF | = 5 × 10 −13 s s −1 , which should be dominant in the absence of the spin-down time rate due to turn-over, · P TOV . Our purpose is to study the variation of the ratio
the free parameters L xx and B s , and to find when · P TOV becomes of comparable or even higher significance with respect to · P REF (the latter could be due to accretional activity around the star and its actual sign -spin-down for plus, spin-up for minus -is insignificant here). All the starting models are assumed to be in a state of "physical differential rotation", F r = 1.
For each case, we consider seven "representative" values for (a) the angular momentum, L xx , and (b) the average surface poloidal field, B s . The lower value of angular momentum adopted corresponds to a turn-over phase just started, while the higher angular momentum adopted corresponds to a turn-over phase near its end.
The turn-over phase can be easily understood in a graph showing the period as a function of angular momentum, P (L), for both the aligned and perpendicular rotators (Fig. 1) . The angular momentum remains constant during the turn-over. Consequently, a turn-over phase is shown in the P (L) graph as a vertical arrow, connecting the starting model (located at the aligned rotator's curve) with the terminal model (located, in turn, at the perpendicular rotator's curve).
Results and discussion
Computed parameters for the aligned and the perpendicular rotators are given in Tables 1-14. In Tables 1, 6 , and 11, we give parameters regarding the aligned rotators. These parameters are almost independent of the average surface poloidal field, B s ; namely, the central period, P xx , the rotational kinetic energy, T xx , the moments of inertia I 11 and I 33 along the principal axes I 1 and I 3 , the average surface toroidal field, H ts , the maximum toroidal field, H t[max] , the average toroidal field, H t , and the ratio ω −1 e = Ω c /Ω e , where Ω c , Ω e are the central and equatorial angular velocities, respectively. The corresponding parameters for the perpendicular rotators are given in Tables 3, 8 , and 13. Here, P RR is the central period and T RR is the rotational kinetic energy of the perpendicular rotator.
Parameters regarding the aligned rotators and varying with the average surface poloidal field, B s , are given in Tables 2, 7 , and 12; namely, the corresponding poloidal magnetic parameter, β p * , the surface Alfvén speed, V As , the surface Alfvén time, t As , the maximum poloidal field, H p [max] , and the average poloidal field, H p . The corresponding parameters for the perpendicular rotators are given in Tables 4, 9 , and 14.
General results concerning the turn-over phase are given in Tables 5, 10 , and 15. Parameters tabulated in these tables are the magnetic flux, f , the turn-over timescale, t TOV , the spin-down time rate due to turn-over, · P TOV , the turn-over timescale in units of the starting central period, N xx = t TOV /P xx , the present turn-over time, t now , and the power loss due to turn-over, · T . These tables also contain three parameters which are independent of the average surface poloidal field; namely, the rigid rotation amplification ratio, A r , the current turn-over angle, χ now , and the current differential rotation strength, F r[now] .
Our numerical results reveal that the turn-over timescale, t TOV , varies from ∼ 0.4 to ∼ 7300 million years, dependent on the mass of the model, the angular momentum, and the average surface poloidal field of the starting model. The turn-over angles χ now , corresponding to the present turnover times t now , vary from ∼ 3 • to ∼ 90 • .
An issue of particular interest is the estimated values for the spin-down time rate due to turnover, · P TOV , which vary from 4.3×10 −17 s s −1 to 1.1×10 −12 s s −1 . From columns 1 and 4 of Tables 5,  10 , and 15, it is apparent that, for low values of the surface poloidal field, the turn-over spin-down is negligible, since independent of L xx ). Consequently, in a white dwarf which is now in its turn-over phase, the turn-over effects are negligible if the surface poloidal field is weak; on the other hand, if the surface poloidal field is strong or even moderate, the turn-over effects to the time rate of the central period cannot be neglected. reference period 2 (P REF2 =33 s) reference period 3 (P REF3 =8 s) Fig. 1 .-Plot of period at center, P , as a function of angular momentum, L, for both the aligned rotators (thick solid curves) and the perpendicular rotators (thick dashed curves). Points b 1 , b 2 , b 3 : models with central periods equal to the "reference" periods studied in this paper, P REF1 = 142 s, P REF2 = 33 s, P REF3 = 8 s; points b t 1 , b t 2 , b t 3 : terminal models corresponding to the starting models b 1 , b 2 , b 3 ; points f 1 , f 2 , f 3 : starting models with maximum possible angular momentum; points f t 1 , f t 2 , f t 3 : terminal models corresponding to the starting models f 1 , f 2 , f 3 ; point c 1 : model for which I 33 = I 11 = I 22 (note that corresponding models for the second and third case, c 2 , c 3 , coincide with the points f 2 , f 3 , respectively). Vertical arrows show possible turn-over scenarios currently in progress, which are studied numerically in this paper. • • Note. -t TOV and tnow are given in years. χnow is given in arcdegrees. 
